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Abstract
Gravitating monopoles and dyons in Einstein-Yang-Mills (EYM) or Einstein-Yang-Mills-Higgs
(EYMH) systems have been extensively studied for various curved spacetimes, including those of
black holes. We construct dyonic solutions of the EYMH theory in Vaidya spacetime using a set
of generalized Julia-Zee ansatz for the fields. It is found that the dyonic charge is static in nature
and it does not contribute to the energy of the null dust.
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I. INTRODUCTION
In his classic paper, Dirac, presented the argument that quantum mechanics allows for the
existence of isolated magnetic poles (i.e. monopoles) and that their presence can explain
the quantization of electric charge [1]. Later, ’t Hooft [2] and Polyakov [3] predicted the
existence of perfectly regular, static, finite energy, non-perturbative classical solutions of
spontaneously broken non-Abelian (or Yang-Mills) gauge theories that could be interpreted
as magnetic monopoles. Julia and Zee [4] further extended these ideas and constructed
dyonic solutions of classical non-Abelian gauge theories. It is now well–established that
magnetic monopoles and dyons emerge naturally in any grand unified theory (GUT), with
the electromagnetic U(1)em gauge group embedded in a semisimple gauge group, upon
spontaneous symmetry breaking.
The GUT monopoles are quite massive (i.e. superheavy) to be produced in the present day
accelerator experiments [5] such as the LHC at CERN. However, such massive objects may
have been produced as topological defects in the very early universe in a symmetry breaking
phase transition process [6–8]. In view of the lack of the experimental confirmation of
these exotic particles, various searches (direct and indirect) at colliders, in cosmic rays and
bound-in-matter for the monopoles have been made regularly [9–11]. All of these searches
for monopoles are also equally sensitive to dyons. It is also worth to mention that the
monopoles are also potential candidates to explain the issue of colour confinement in lattice
field theory simulations (i.e. lattice QCD) and the visualisation of monopoles therein is a
subject of debate in such lattice QCD models [11, 12]. Though the idea of monopoles and
dyons is yet to be confirmed experimentally, but it is still appealing mainly due to its close
connections with various crucial problems (e.g. confinement, CP violation, proton decay,
cosmic strings etc.) in particle physics, gravity and cosmology [7, 13–18]. In particular,
there have been extensive studies of various aspects related to the monopoles and dyons in
flat-spacetime [19, 20] .
In view of such diversified role of monopoles and dyons [1]-[20], the theories coupling
gravity to the gauge fields namely Einstein-Yang-Mills (EYM) or Einstein-Yang-Mills-
Higgs (EYMH) further led to investigations of monopoles/dyons in curved spacetime.
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Bais and Russell [21] and others [22–24] presented static monopole solutions of non-
Abelian (Yang-Mills) theory by solving the Einstien equations in curved spacetime.
These monopole solutions in curved spacetime are also constructed with and without
Bogomolny-Prasad-Sommerfeld (BPS) limit of Higgs potential [25]. In addition to this, the
static multimonopole, monopole-antimonopole systems and the static axially symmetric
multimonopole and black hole solutions in EYMH theory are also examined with greater
details [26–28]. It is also shown that such multimonopole solutions are gravitationally
bound for the vanishing and small Higgs selfcoupling [24]. Further the gravitating dyons
(Abelian and non-Abelian) in EYMH theory with their different aspects such as large
electric charge, are also investigated [29–31].
Recently, a nonstatic curved spacetime generalization of ’t Hooft-Polyakov monopole
solutions in the Vaidya spacetime has been presented [32]. Vaidya spacetime describes
the gravitational field of a radiating star [33] and is one of the most interesting non-static
solutions of the Einstein’s equations in general relativity [34, 35]. The nonstatic exact
dyonic solutions of the Einstein-Maxwell equations in Vaidya spacetime are also studied
[36]. It would further be quite interesting to look for Julia-Zee type dyonic solutions for
EYMH theory in Vaidya spacetime. In fact, the non-vanishing energy-momentum tensor
due to the matter field may twist the spacetime considered leading to a Reissner–Nordstro¨m
anti de-Sitter i.e. RN–(A)dS type solution accordingly [29]. The issue of the stability of
such solutions in view of the scaling behaviour for the mass spectrum of these solutions with
respect to their charge (electric and magnetic) and independent values of the cosmological
and gauge coupling constants is also an important aspect to deal with [38].
In the present work, we construct the dyonic solutions for EYMH theory in the Vaidya
spacetime by considering a generalized class of Julia-Zee ansatz. It is found that the electric
and magnetic charges remain conserved and have no contribution in the energy density of the
null dust. We examine four different possible combinations of the field parameters concerning
the dyonic charge and have discussed different type of possible solutions accordingly.
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II. LAGRANGIAN AND FIELD EQUATIONS
We begin with the Einstein-Yang-Mills-Higgs (EYMH) action of the form,
S =
∫ √−g d4x(LG + LM + LND), (2.1)
where, LG = R/2 is the contribution from gravitation and LND is the Lagrangian corre-
sponding to the null dust. The matter Lagrangian in Eq. (2.1) is given as follows
LM = −1
4
F aµνF
µνa − 1
2
DµΦ
aDµΦa − λ
4
(ΦaΦa − ξ2)2. (2.2)
The YM field tensor F aµν and the gauge-covariant derivative DµΦ
a appearing in (2.2) above
are defined as
F aµν = ∂µA
a
ν − ∂νAaµ + e fabcAbµAcν (2.3)
DµΦ
a = ∂µΦ
a + e fabcAbµΦ
c , (2.4)
where, e is the gauge coupling constant, ξ is the VEV of Higgs field and fabc are the
structure constants of the gauge group. Here, we consider the gauge group SO(3) (in the
adjoint representation) for which the structrue constants fabc = ǫabc. Variation of the action
with respect to the fields (gµν , A
a
µ and Φ
a) yield the Einstein equations and the matter field
equations, respectively as below
Rµν − 1
2
gµνR = Tµν , (2.5)
1√−gDν(
√−ggµρgνσF aρσ) = e ǫabcgµν(DνΦb)Φc , (2.6)
1√−gDµ(
√−ggµνDνΦa) = λ(ΦbΦb − ξ2)Φa. (2.7)
The energy-momentum tensor Tµν appearing in eqn. (2.5) has contributions from the matter
fields (TMµν ) and the null dust (T
ND
µν ). The matter field contribution to Tµν (i.e. T
M
µν ) is given
as below,
TMµν =
(
gαβF aµαF
a
νβ +DµΦ
aDνΦ
a
)
+ gµν
{
−1
4
gαβgγδF aαγF
a
βδ −
1
2
gαβDαΦ
aDβΦ
a − λ
4
(ΦaΦa − ξ2)2
}
. (2.8)
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III. VAIDYA SPACETIME AND DYONIC SOLUTIONS
For our investigatation of dyonic solutions in a Vaidya spacetime, we use the general spher-
ically symmetric metric written in Eddington-Finklestein coordinates [32, 37]
ds2 = −f(v, r) dv2 + 2ǫ dv dr + r2 dΩ2, (3.1)
with ǫ2 = 1 and dΩ2 being the metric for the two sphere S2.
In order to investigate the gravitating dyon solutions, we generalize the static, spherically
symmetric Julia-Zee ansatz [4] for the gauge (Aaµ) and the Higgs field (Φ
a) to the following
non-static, spherically symmetric form,
Aa
0
= xa
J(v, r)
er2
= xaN(v, r), (3.2)
Aai = ǫaij x
j
[
K(v, r)− 1
e r2
]
= ǫaij x
jB(v, r), (3.3)
Φa = xa
[
H(v, r)
e r2
]
= xa M(v, r). (3.4)
For the purpose of calculations, we rewrite these ansatz in the spherical polar coordinates
A¯0 = rN(v, r)êr, (3.5)
A¯r = 0 , A¯θ = r
2B(v, r) êφ , A¯φ = −r2B(v, r) sin θ êθ, (3.6)
Φ¯ = rM(v, r) êr, (3.7)
where,
êr ≡ (sin θ cosφ, sin θ sin φ, cos θ) , (3.8)
êθ ≡ (cos θ cosφ, cos θ sinφ, − sin θ) , (3.9)
êφ ≡ (− sinφ, cosφ, 0) , (3.10)
are the unit-vectors in the internal space. Using the ansatz (3.5)-(3.7), the components of
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the gauge-field tensor F aµν and the gauge-covariant derivative DµΦ
a, simplify as below
F¯0r = − [rN ]
′
êr, F¯rθ =
K
′
e
êφ,
F¯0θ = r
2B˙ êφ − rNK êθ, F¯rφ = −K
′
e
sin θ êθ,
F¯0φ = −(r2B˙ êθ + rNK êφ) sin θ, F¯θφ = K
2 − 1
e
sin θ êr,
D0Φ¯ = rM˙ êr, DrΦ¯ = [rM ]
′
êr,
DθΦ¯ = rMK êθ, DφΦ¯ = rMK sin θ êφ. (3.11)
The dot and prime denote the partial derivatives w.r.t. v and r, respectively, here and
afterwards.
The electric and magnetic charges of any possible configuration are to be calculated using
the ’t Hooft’s gauge-invariant, generalized version of the electromagnetic tensor [2],
Fµν = F aµν Φ̂a −
1
e
ǫabc Φ̂
a(DµΦ̂
b)(DνΦ̂
c), (3.12)
where Φ̂a = Φa/
√
ΦaΦa, while the field tensor (F aµν) and the gauge covaraint derivative
(DνΦ
a) are given by Eqs (2.3) and (2.4) respectively.
Now using the Eqs (3.7) and (3.11), the non-zero components of the generalized electromag-
netic tensor (3.12) turn out to be
F0r = − [rN ]
′
; Fθφ =
[
K2 − r3M3K2 − 1] sin θ
e
. (3.13)
Non-zero values of F0r and Fθφ would imply the monopole/dyon nature of the solutions,
with radial electric and magnetic fields respectively.
Using Eqs. (2.8), (3.1), (3.7) and (3.11), the total energy-momentum tensor acquires the
following form,
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T µν =


−[(rN)′]2 + 2ǫB˙K
′
e
2ǫ
(K
′
)2
r2e2
+ ǫ[(rM)′]2 0 0
+(rM˙)(rM)
′
2ǫ[(rB˙)2 +N2K2] −[(rN)′]2 + 2ǫB˙K
′
e
+ǫ(rM˙)2 + 2f
B˙K
′
e
+f [2
(K
′
)2
r2e2
+ {(rM)′}2] 0 0
+f(rM˙)(rM)
′
+ ρ(v, r) + ǫ(rM˙)(rM)
′
0 0 2ǫ
B˙K
′
e
+ f
(K
′
)2
r2e2
0
+
(K2 − 1)2
r4e2
+M2K2
0 0 0 2ǫ
B˙K
′
e
+ f
(K
′
)2
r2e2
+
(K2 − 1)2
r4e2
+M2K2


+ δµν
[
[(rN)
′
]2
2
− 2ǫB˙K
′
e
− f (K
′
)2
r2e2
− (K
2 − 1)2
2r4e2
− ǫ(rM˙)(rM)′
−f
2
[(rM)
′
]2 −M2K2 − λ
4
(r2M2 − ξ2)2
]
, (3.14)
where, the ρ(v, r) term in the T 0r component is the null dust contribution with ρ(v, r) being
the energy density of the ingoing/outgoing (pressureless) fluid [32]. For the metric (3.1), the
Einstein tensor evaluates to
Gµν =


−1 + f + rf ′
r2
0 0 0
−f˙
r
−1 + f + rf ′
r2
0 0
0 0
2f
′
+ rf
′′
2r
0
0 0 0
2f
′
+ rf
′′
2r


. (3.15)
7
Using (3.14) and (3.15) in the Einsten equation (2.5), from the 0r component, we obtain
[K(v, r)]
′
= 0 , (3.16)
[rM(v, r)]
′
= 0. (3.17)
These equations constrain the forms of K and M as following,
K = β(v) , (3.18)
M =
α(v)
r
, (3.19)
where α(v) and β(v) are arbitrary functions of v only. To determine α(v) and β(v), we use
the ansatz along with Eqs. (3.18) and (3.19) in the matter field equations (2.6) and (2.7) to
obtain
[
r2(rN)
′
]′
= 0 , (3.20)
r2
∂
∂v
[(rN)
′
] = 2(rN)β2 , (3.21)
β(rN)
′
= 0 , (3.22)
β(β2 − 1 + er2α2) = 0 , (3.23)
2ǫα˙r − α[2β2 − λr2(α2 − ξ2)] = 0. (3.24)
The various combinations of variables satisfying Eqs. (3.20)-(3.24), along with the corre-
sponding values of the generalized electromagnetic tensor (3.13), are listed in table I.
Case α(v) λ β(v) N(v, r) F0r Fθφ
I ±ξ arbitrary
II 0 arbitrary 0
c1
r2
+
γ(v)
r
c1
r2
−sin θ
e
III c2 0
IV 0 arbitrary ±1 0 0 0
TABLE I: Various possible cases satisfying Einstein & matter field equations. Here c1, c2 are
arbitrary constant and γ(v) is some arbitrary function of v.
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The Case IV as mentioned in table I is trivial and the solutions carry no electric and magnetic
charges. However, for the remaining cases (i.e. Cases I–III in table I), the solutions carry
radial electric and magnetic fields given by [39]
Er = −F0r = −c1
r2
=
qe
r2
, (3.25)
Br = Fθφ
r2 sin θ
= − 1
er2
=
qm
r2
. (3.26)
Here, the magnetic charge (qm) is fixed by the value of the coupling constant (e), while
the electric charge (qe) is arbitrary, and the particular choice c1 = 0 reduces these dyonic
configurations to a monopole. This behaviour is similar to the behaviour of Julia-Zee dyon
solutions in flat spacetime [2, 4, 40]. Also, the Case III with λ = 0 is to be understood as
the limiting case (λ → 0). Further, the total energy-momentum tensor (3.14) for all these
three cases (i.e. Cases I–III) takes the form
T µν =


−(qe
2 + qm
2)
2r4
+ Λ 0 0 0
ρ(v, r) −(qe
2 + qm
2)
2r4
+ Λ 0 0
0 0
(qe
2 + qm
2)
2r4
+ Λ 0
0 0 0
(qe
2 + qm
2)
2r4
+ Λ.


.(3.27)
Here, Λ = −λ(α2 − ξ2)/4 is the contribution due to spontaneous symmetry breaking and
has the values 0, λξ2/4 and 0, for Cases I, II and III, respectively. Note, however, that the
value of Λ can be shifted by adding (or subtracting) a constant in the matter Lagrangian
(2.2), which is always possible without affecting the field equations. Using Eqs. (3.15) and
(3.27) in the Einstein equation (2.5), the metric-function f(v, r), appearing in Eqn. (3.1),
turns out to be [32]
f(v, r) = 1− 2 m(v)
r
+
(qe
2 + qm
2)
2 r2
+
Λ
3
r2. (3.28)
Here, m(v), the constant of integration, is an arbitrary function of v. In case we switch off the
electric and magnetic charges, the metric function (3.28) reduces to that of Vaidya-Anti-de
Sitter spacetime. The energy density of the null dust then becomes
ρ(v, r) = − f˙
r
= 2
m˙
r2
. (3.29)
It may be noted that in Eq.(3.28), both the electric and magnetic charges are independent
of v and only the mass function is dependent on v. It seems that this feature itself is
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an artifact of the formulation used to construct these dyonic solutions. The electric and
magnetic charges (qe and qm) appearing in Eqs. (3.25) and (3.26), are not carried by the
infalling/outgoing null dust and hence are conserved unlike in case of a Vaidya-Bonnor space-
time [41], where the infalling/outgoing null dust is charged. This feature is also reflected by
the absence of any charge dependent term in Eq. (3.29). The Kretschmann scalar which falls
as r−6 diverges along r = 0 such that the metric with f(v, r) has scalar polynomial singular
structure [34]. In case the mass function is constant like the electric and magnetic charges
then using suitable coordinate transformations, the spacetime with Eq. (3.28) is equivalent
to the spacetimes derived for non-Abelian gauge theories in curved spacetime [21, 22].
IV. SUMMARY, CONCLUSIONS AND FUTURE DIRECTIONS
We have constructed the dyonic solutions of an EYMH theory in the Vaidya spactime by
generalizing the Julia-Zee ansatz for the gauge and scalar fields. It is found that the charges
appearing in these solutions are constant in time. In particular, the magnetic charge is
given by the constant value of the gauge coupling. However, the electric charge which
appears from the temporal degree of freedom of the gauge field is arbitrary. The nature of
the singularities for these solutions can be examined in detail by looking in the motion of
radial null geodesics. This spacetime under different conditions reduces to the spacetimes
that have already been studied [21, 22], but it would be more interesting especially to study
the properties of the radiating collapsing objects [35].
Further, the construction of such dyonic solutions in higher dimensional spacetime also
deserves careful attention. It would also be interesting to investigate the dyonic solutions
in Vaidya-Bonnor spacetime to understand the role of charge carried by the null dust itself.
Moreover, one interesting model to look for the monopole and dyons in a Vaidya-type
spacetime may be the broken symmetric theory of gravity with the Higgs field which leads
to a cosmological function depending on the field excitations and it would be of crucial
importance to study the behaviour of such objects with the strength of field excitations
with special emphasis on the interplay between the usual cosmological constant and the
cosmological function [42–45].
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We intend to report on these issues in our future publications.
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